Abstract. The Mullins-Sekerka model for dynamical phase transitions in twocomponent mixtures is considered. Global growth conditions for the phase regions and the interface are obtained from underlying conservation laws. A quasi-static model is formulated and the solutions are discussed for totally isolated mixtures.
Introduction. This paper presents a brief discussion of the mathematical model that was used by Mullins and Sekerka in a number of studies concerning phase transitions in multi-component materials. 1 Recently it has been shown that this model arises as an approximation of a more general model which is appropriate to nonequilibrium phase transitions and totally compatible with thermodynamics. 2 However, the approximate nature of the interface conditions proposed by Mullins and Sekerka affects the form of underlying conservation laws. It is our goal here to establish identities that can be viewed as conservation laws for the model and to investigate their implications on the growth of the interface and the phase regions. For specific conditions at the boundary of the mixture these identities lead to global growth conditions for the interfacial area and the phase volumes.
We are particularly interested in two types of boundary conditions:
(a) a completely isolated boundary on which there is no mass and no heat flux, and (b) an isothermal boundary with no mass flux.
In both cases the conservation laws yield a Lyapunov function for the system that may be used to formulate appropriate equilibrium theories.
As an attempt to study phase transitions in which the interface moves slowly compared to the time scale of heat and mass diffusion in bulk we introduce a simplified, quasi-static model. Based on corresponding global growth conditions we were able Received November 6, 1989 . 'The Mullins-Sekerka model has served as a starting point for morphological stability analyses of interfaces using perturbation analysis (cf. Mullins and Sekerka [2] and Sekerka [3, 4, 7] ). 2 In [9, 10] Gurtin developed mathematical models for phase transitions governed exclusively by thermal diffusion. Following similar ideas Milic [11] has derived a model that accounts for effects of both transfer of heat and mass. For the sake of simplicity that model was restricted to mixtures with isotropic interfaces; a generalization to anisotropic interfaces can be patterned after Gurtin [10] .
©1991 Brown University 437 to characterize solutions for a mixture with a totally isolated boundary.
1. Basic equations. Conservation laws and growth conditions. For simplicity we assume that the material under consideration is composed of two constituents, referred to as the solute and the solvent. The composition of the mixture is then completely specified by c, the concentration of the solute. On the other hand, the melting temperature of the pure solvent may serve as a reference point for measuring u, the relative temperature of the mixture. 3 We suppose that the material is contained in a fixed bounded region Q in R", n -2,3, with smooth boundary <9Q . At each time t, Q is divided by an interface 1(f) into two regular subregions £lt{f), / = 1,2:
for all t. Regions Qj and Q2 correspond to two distinct phases: phase 1, the solid phase, and phase 2, the liquid phase.
Mullins and Sekerka suggested that the transport of heat and mass in the interior of the phase regions is governed by uncoupled diffusion equations. Comparing experimental diffusion rates in solids and liquids they proposed equal specific heats for the two phases and neglected the diffusion of the solute in the solid. Under these assumptions the bulk temperature and concentration satisfy the following equations:
hj=0, (1.5) with K;, / = 1,2, and H2 constant, symmetric, and positive definite matrices. One expects that in a vicinity of the interface, the temperature and the concentration are affected by the motion of the interface. In the Mullins-Sekerka model this is reflected in the interface conditions:4 Wj = u2 , (1.6) u = -ayc2 + PK, cJc2-X, (1.7)
[q] • m = Lv, h2 • m = yc2v, on 1(f), (1.8) 3Here, the relative temperature u = T -Tm is the difference between the absolute temperature T and the melting temperature of the pure solvent Tm . 4It is tacitly assumed that the interface is in local equilibrium with the neighboring bulk material. Consequently, the temperature is continuous across the interface (cf. Gibbs [1] ). On the other hand, at most jump discontinuities are allowed for the concentration c , the mass flux h , and the heat flux q at the interface.
with a, /?, X, and L strictly positive constants, X / 1 , and y = 1 -X ,5 Here we write m(x, t) for the outer normal to dQt(t) n I(/), v(x, t) for the component of the interfacial velocity in the direction of m(x, t), and /c(x, t) for the sum of principal curvatures of the interface with k > 0 when the center of the curvature lies toward Qj(f) .
The expression [#•] = g2 -gl denotes the jump in quantity g across the interface as the difference of limits g(, i = 1, 2, of g when the interface is approached from the interior of the phase regions. 6 In addition to (1.6)-(1.8) we assume that the interface is either orthogonal to the boundary of Q or the normal velocity v vanishes,7 wm-n = 0 on<9I(r), (1.9) where the set <91 corresponds to the intersection of the interface with the boundary of Q and n(x, t) denotes the outer normal to the boundary of Q. Our derivation of the conservation laws and the global growth conditions is greatly simplified by introducing the function : Thus, combining (1.18), (1.13), and (A3), relation (1.17) is transformed into (1.14).
To obtain (1.16) we first note that e + e is strictly positive for every e > 0. Condition (1.8)2 is therefore equivalent to yv(c2 + e)~'e2 = -(c2 + e)_lH2 grade2 • m on 1(f).
(1-19) Remark 1. We note that the quantities enclosed by { } in (1.25) and (1.29) do not increase with time. One may therefore regard stationary points of these quantities as equilibrium states for the system. For the derivation and discussion of corresponding variational problems we refer to Milic [11] which generalizes Gurtin's [9] results for the pure thermal case. If we regard the interface 1(0 as a C°°-manifold that propagates smoothly so that e normal veil interface I(t), However, the Lemma applied to the system (1.31), (1.32), and (1.33) reveals that the set {x e I0|t>(x, t) > 0} cannot have a positive measure unless c2 = 0. The integral over IQ in (1.47) is therefore nonpositive. This, in conjunction with (1.38) (y > 0), shows that the concentration in liquid must be constant and the velocity must vanish for almost all points on l0(t): v(\, t) = 0 a.e. onl0(f), c2(x, t) = C2(t) > 0 in Q2(?).
(1-49)
In fact, from (1.3)2, v(x,t) = 0 a.e. onI(/), (1-50) and the interfacial area does not change (cf. (A5)), area(I(0)° = 0.
(1.51)
On the other hand, because of (1.33) j and the continuity of u across the interface, the temperature is constant throughout the whole mixture, u = U(t) in Q.
(1-52)
Consequently, the interface is a sphere fixed in time, with a radius R determined by (1.34),:
A completely analogous argument shows that the above statement is true when y < 0.
The preceding observation thus leads to the conclusion that, for a two-phase mixture with a completely isolated boundary and a nonspherical interface, the quasi-static theory reduces to the quasi-static theory for heat conduction in the absence of mass diffusion (cf. Gurtin [9] ). for all time t.
A direct application of (Al) to the function f 0 in Q,(0, 
On the other hand, a change in the interfacial area is determined as:9
(areal (t))° = -KVwcot(m-n).
J i Jdi(t)
9The identity (A3) is established by Gurtin, Struthers, and Williams [12] .
In our applications the last term in (A3) will vanish due to the condition vm • n = 0 on <91. 
